A balanced valuation of a multigraph H is a mapping w of its vertex-set V(H) into R such that VS C V(H) the number of edges of H with exactly one vertex in S is greater than or equal to |E"es>v(i3)|; we apply the theory of flows in networks to obtain known and new results on balanced valuations such as:
I. Introduction.
Basic definitions and notations. A multigraph H (respectively: directed multigraph G) is a finite nonempty set V(H) (respectively V(G)) of vertices together with a finite family E(H) (respectively A(G)) of 2-element subsets of V(H) called edges (respectively: of ordered pairs of elements of V(G) called arcs).
When we replace each edge e = {v,v'} (v,v G V(H)) of a multigraph H by an arc (v,v') or (v',v) we obtain a directed multigraph G (with V(G) = V(H)) which will be called an orientation of H.
For a directed multigraph G, for any 5 C V(G), let U(t(S) = {a G A(G)\a = (v,v'),v G S,v' G S}.
"c(S) = ^(V(G) -S). "c(S) = "c(S) U "g-(S).
For any vertex v of G:
The outdegree of v in G is d^(v) = \u£ ({u})|.
The indegree of v in G is d(J(v) = \uq ({v})\. The degree of v in G is dG(v) = |wG({»})| = d(j(v) + dfj(v). For a multigraph H, for any S C V(H), let ccH(S) = [eGE(H)\\en S\ = 1)
. For any vertex t; of H, the degree of v in H is dH(v) = |«//({u})|-Other definitions not given here will be found in [1] and [2] . This is our motivation for the study of the [p,^r]-orientability property for general multigraphs; as we shall see in the next section, this property is of interest even in the nonplanar case. Conversely let G be an [l,3]-orientation of H and <f> a flow in G with values in [1, 3] . The value of an edge of H will be defined as the value of cb in the corresponding arc of G. It will be easily seen that, due to the conservation of flow at each vertex, the edges of H with value 2 form a perfect matching of H.
Hence the edges of H with values 1 or 3 form a 2-factor F of H; the orientation G of H defines an orientation K of F. It will be easily checked that if we reverse each arc of K corresponding to an edge of value 3 we obtain an orientation K' of F such that:
Hence F is bipartite and H has chromatic index 3. This completes the proof of Theorem 1.
Remark. According to Proposition 2, Theorem 1 is a generalization of the following result of Heawood [4] : A cubic planar 2-edge connected multigraph is face colorable with four colors if and only if it has chromatic index 3.
III. Balanced valuations of a multigraph. 1. Definitions. Let H be a multigraph. A balanced valuation of H is a mapping w of V(H) into R such that VS C V(H) \2veSw(v)\ <\uH(S)\. Bondy [5] has shown that a cubic graph H has chromatic index 3 if and only if there is a balanced valuation of H with values in (-2,+ 2). We shall see that this result is a consequence of Theorem 1. Remarks. From a theorem of Grotzsch [7] this is true for 4-edge connected planar multigraphs. It can be seen that Heawood's result [4] relating vertex assignments modulo 3 and edge colorations with 3 colors in a planar cubic multigraph H is a consequence of Proposition 11 applied to the "radial graph" of //. [10] .
Hence [1, k -l]-orientability can be studied using Tutte's theory of dichromatic polynomials [9] .
(2) Theorem 1 has been proved by Minty in [11] ; an elementary proof appears in [10] .
(3) Tutte has conjectured that: every 2-edge-connected multigraph is [1, 4] 
